In the setting of a manifold with doubling property satisfying a Gaussian upper estimate of the heat kernel, one gives a characterization of the lower Gaussian estimate in terms of certain Hölder inequalities.
Introduction
Let M be a connected non-compact Riemannian manifold without boundary, and let ∆ denote the Laplace-Beltrami operator on M . Consider the heat equation ∂u ∂t − ∆u = 0, where u = u(x, t), x ∈ M, t > 0. In the Euclidean space R n , the heat kernel is given by the following well known formula:
Denote by B(x, r) the ball of center x ∈ M and radius r > 0 with respect to the Riemannian distance d, and by V (x, r) its Riemannian volume. If M is geodesically complete and has non-negative Ricci curvature, Li and Yau (see [14] ) found that the heat kernel satisfies the two-sided Gaussian estimate:
∀ t > 0, x, y ∈ M.
One says that M satisfies the doubling property if (D)
V (x, 2r) ≤ CV (x, r), ∀ x ∈ M, r > 0.
A consequence of (D) is that there exists ν > 0 such that
, ∀ x ∈ M, s ≥ r > 0.
Note that, if Ricc M ≥ 0, then M Satisfies the doubling property. We say that M admits the relative Faber-Krahn inequality if for any ball B(x, r) ⊂ M and any precompact open set Ω ⊂ B(x, r)
where λ 1 (Ω) is the first Dirichlet eigenvalue for −∆, b and ν some positive constants.
On a geodesically complete manifold (see [9] ), Grigor'yan proved that (F K) is equivalent to the Gaussian upper estimate
in conjunction with the doubling property (D ν ). Saloff-Coste (see [18] , [19] ) found that the two-sided Gaussian estimate of the heat kernel
is equivalent to (D) and the 2-Poincaré inequalities
f (y) dµ(y), see also [8] .
Assuming that the Gaussian upper estimate holds, Coulhon and Ouhabaz gave some simple inequalities (other than Poincaré) that are necessary/sufficient to complete the two-sided Gaussian estimate.
In the case where the volume growth is polynomial, that is
Coulhon (see [5] ) proved that, if (U E) holds, then
is equivalent to the Sobolev type inequality
for p > 1 and some α > D p . In this polynomial setting and assuming (U E), Ouhabaz (see [16] ) had given previously a characterization of (LE) in terms of a weaker Gagliardo-Nirenberg type inequality:
for p > 1 and some α > 
The aim of the present paper is to give similar necessary and sufficient conditions for the lower Gaussian estimate (LE) in the general setting when the volume is only doubling. More precisely, the necessary/sufficient conditions will be given by the following main results:
for t > 0, x, y ∈ M, where
and w is a so-called escape time or random walk dimension (see [1] , [2] , [3] , see also [10] , [11] , [12] ). We are also able to write our characterizations of lower heat kernel estimate in this general form. We choose to write this paper in a more general setting, when M is a metric measure space endowed with a symetric Markov semigroup.
Assumptions
In the sequel, we shall place ourselves in a setting similar to the one in [5] , [10] , [13] : Let (M, d, µ) be a metric measure space endowed with a symmetric Markov semigroup e −tA on L 2 (M, µ) with a measurable kernel p t , that is
The powers
Background and more information about this functional setting can be found in [17] and references therein. For simplicity, we always write D for the space D p (A α ) required by the context. We assume that e −tA f p → 0 as t → +∞, for all f ∈ D and 1 ≤ p < +∞.
We shall assume that for all x ∈ M and r > 0, 0 < V (x, r) < +∞ and that the metric space (M, d) satisfies the chain condition: there exists C > 0 such that, for all x, y ∈ M, for any n ∈ N * , there exists a sequence {x i } n i=0 of points in M such that x 0 = x, x n = y and
We say that such a sequence is a chain connecting x and y. Note that these assumptions are well satisfied in the setting of the introduction when M is a connected non-compact complete Riemannian manifold. They will be standing assumptions in this paper and we will refer to them by writing: let (M, d, µ, A) be as above. We recall that a symmetric Markov semigroup on
Preliminaries Notation:
Consider a parameter w ≥ 2,
for all t > 0 and x, y ∈ M. Note that (U E 2 ) = (U E) and similarly for the others w-estimations. For all p > 1, we denote by p ′ the conjugate exponent of p,
′ are normally used to denote unimportant positive constants, whose values may change at each occurence. In the sequel, for the sake of simplicity, we sometimes denote d(x, y) by d.
We recall the following proposition. for the proof, in the case w = 2, see [ 
for all t > 0 and µ-a.e. x, y, z ∈ M .
In the next result, we give an estimation with a Gaussian factor. 
According to Proposition 3 and (U E w ), it follows
.
Analogously, by (1) it follows that
Now, we derive an oscillation estimate for the semigroup (e −tA ) t>0 .
Proposition 5. Assume that (M, d, µ) satisfies the doubling condition (D ν ).
If (LY w ) holds, then for all p > 1 there exists C > 0 such that
for all t > 0, f ∈ D and µ-a.e. x, y ∈ M.
Proof: From the definition of the heat kernel, one can write
and by using Hölder inequality, we obtain
Let us prove that for all γ > 0, there is C > 0, such that for all t > 0.
Let c be the constant in (LE w ). Set a = = E w (c, x, z, s).
On the other hand, according to (LE w ) and since (e −tA ) t>0 is Markovian, one has
for all s > 0 and x ∈ M . Therefore, we deduce (3).
By choosing γ = p ′ /p, (2) yields
1/w . Using Proposition 4 and arguing as before, it follows 
implies that for all p large enough there are α, α ′ > ν p such that
Conversely, (S w ) for any p > 1 and α, α ′ > ν p , implies (LE w ), where d denote to d(x, y).
Proof:
(⇒) For all f ∈ D, t > 0, we know that
Since (e −tA ) t>0 is analytic, then for all p > 1
On the other hand, e −tA f → 0, ∀ f ∈ D when t → +∞, then for all k ≥ 1:
for all k ≥ 1, and f ∈ D. By rewriting
and applying Proposition 5 to A k e −(t/2)A f, it follows
for all t > 0 and µ-a.e. x, y ∈ M. Then
then by analyticity, one has
Similarly, one also has
Let z ∈ M, by analyticity of (e −tA ) t>0 , p t (., z) belong to D p (A α/w ). Then by choosing f = p t (., z) in (S w ), one has for all x, y ∈ M :
By analyticity, we obtain
Since (e −tA ) t>0 is symmetric Markovian, then p t/2 (., z) 1 ≤ 1, ∀ t > 0. Then from (U E w ) and Hölder inequality, it follows
and by (D ν ), one has 
